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Let L be a positive definite even lattice of rank one and Vq be the fixed pointsL
of the lattice VOA V associated to L under an automorphism of V lifting theL L
y1 isometry of L. A set of generators and the full automorphism group of Vq areL
determined. Q 1998 Academic Press
1. INTRODUCTION
The classification of rational vertex operator algebras is definitely one of
the most important steps toward classification of rational conformal field
theory. If the central charge c - 1, there is a complete classification of the
w xunitary representations of the Virasoro algebra GKO, FQS . It turns out
the associated Virasoro vertex operator algebras are the only rational
w xVOAs such that the action of the Virasoro algebra is unitary DMZ .
Moreover the vertex operator algebra associated with the irreducible
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highest weight representations of the Virasoro algebra with central charge
Ž .2c is rational if and only if c s 1 y 6 p y q rpq for two coprime positive
w xintegers p, q ) 1 W .
It is natural to consider classifying the rational vertex operator algebras
with c s 1. A lot of analysis has been done in the physics literature in this
w xdirection G, H, DVVV, K . In particular, the partition functions of
w xrational conformal field theories with c s 1 have been classified in K as
w xproposed in G .
If we hope to classify rational VOAs with c s 1, it is necessary to have a
better understanding of the known rank 1 VOAs. This is exactly our goal
in this paper. We study the lattice type vertex operator algebras with c s 1
and determine their automorphism groups.
w xThe basic definitions for lattice VOAs are given in B, FLM . This VOA
is denoted V , where L is an even integral lattice of finite rank. There is aL
family of automorphisms u of V , unique up to conjugacy, which inter-L
l yl w xchanges the 1-spaces spanned by all e and e DGH, Appendix D ; there
are the ``lifts of minus the identity.'' We may arrange for such a lift to
satisfy el ‹ eyl, for all l. Call this automorphism the ``standard lift of
minus the identity,'' and denote its fixed points on V by Vq. We call thisL L
fixed point VOA a symmetrized lattice VOA. For all rank one lattices, we
determine the automorphism group and give sets of generators for the
symmetrized lattice VOA. The analogous problem for lattice VOAs has
w xbeen solved in DN . We use the term lattice type VOA for a lattice VOA
or symmetrized lattice VOA.
Ž .We may take any subgroup F of Aut V and consider the subVOA of
F Ž . Ž .fixed points, V this VOA also has rank 1 . The group N F acts asG
automorphisms of it and the kernel of this action contains F. In some
cases, V F turns out to be a lattice VOA or a symmetrized lattice VOA.
This is the case where V is a lattice VOA and F is an extension A : B,
where A is a subgroup of the natural maximal torus associated to the
lattice and B is a group of order 2 generated by an element of the torus
normalizer acting as y1 on it. The rank 1 lattices of Section 2 occur this
way within V , the lattice VOA for the A -lattice. The advantage of thisA 11
viewpoint is that we can see automorphisms of the subVOA which are not
obvious from the definition. For example, the exceptional case n s 4 of
Theorem 3.1 can be anticipated as follows. If we take F to be a four group
Ž . Ž . Ž . Ž .in G [ Aut V ( PSL 2, C , then F s C F and N F ( Sym andA G G 41
Ž . Fso we get an action of N F rF ( Sym on V ( V , where L ( 2 L . ItG 3 L A1
must be proven that this action is faithful; see details in Section 4. The
w xautomorphism results of this paper may be combined with DN to say that
Ž . Ževery finite subgroup F of Aut V which is of ``AD'' type cyclic orA1
. Ž . Ž F . Fdihedral , N F rF induces Aut V on V , a pleasant situation. We areG
currently studying the ``E type'' examples, i.e., F ( Alt , Sym , Alt .4 4 5
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The paper is organized as follows: In Section 2 we review the construc-
tion of lattice vertex operator algebras V associated to rank one latticeL
w xfrom B, FLM . We decompose V into a direct sum of irreducibleL
modules for the Virasoro algebra with central charge 1. Moreover, in the
case that L is the root lattice of type A we prove that the g-invariants of1
g Ž .V are isomorphic to the highest weight irreducible module L 1, 0 for theL
Ž . ŽVirasoro algebra where g ( sl 2, C is the Lie algebra V , 1st binary1
. w xcomposition . We also apply a result in DLM to decompose V intoL
Ž .irreducible modules for the pair Virasoro algebra, g . The main result in
this section is the determination of a set of generators for Vq for anL
arbitrary even positive definite lattice of rank 1. Several results in Section
w x2 have already appeared in the physics paper DVVV .
Sections 3 and 4 are devoted to the automorphism groups of Vq. TheL
most difficult case is when L is generated by an element of square length
4. As discussed before, we identify Vq in this case with V F whoseL A1
automorphism group is relatively easy to determine by using knowledge of
Ž .Lie algebra sl 2, C . Section 5 is an appendix on commutative nonassocia-
tive algebras of dimension n y 1 with Sym as automorphism group. Thisn
Ž q .result is used in Section 4 to determine Aut V .L8
2. VERTEX OPERATOR ALGEBRAS VqL
In this section we first briefly review the construction of rank one lattice
w xVOA from FLM . Let L be a rank one even positive definite lattice,
Ãh s L C, and h the corresponding Heisenberg algebra; the bilinearm Z Z
² : Ž .form on L or h is denoted ? , ? . Denote by M 1 the associated
Ãirreducible induced module for h such that the canonical central elementZ
Ãof h acts as 1; it is identified with the ``polynomial factor'' in V . LetZ L
w x aC L be the group algebra of L with a basis e for a g L. Let b g h such
² : w xthat b , b s 1. It was proved in B, FLM that there is a linear map
y1w xV “ End V z , z ,Ž .L L
¤ ‹ Y ¤ , z s ¤ zyny1 ¤ g End VŽ . Ž .Ý n n L
ngZ
Ž .such that V s V , Y, 1, v is a simple vertex operator algebra whereL L
1 s 1 m e0.
Ã Ž .Let u be an automorphism of L such that u a s ya ; see Appendix D
w xof DGH . We define an automorphism of V , denoted again by u , suchL
a ya ÃŽ . Ž . Ž .that u u m e s u u m e for u g M 1 and a g L. Here the action
Ž . Ž Ž . Ž .. Ž .k Ž . Ž .of u on M 1 is given by u b n ??? b n s y1 b n ??? b n . The1 k 1 k
u-invariants Vq of V form a simple vertex operator subalgebra and theL L
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Ž . y q Žy1 -eigenspace V is an irreducible V -module see Theorem 2 ofL L
w x. q yDM2 . Clearly V s V [ V .L L L
Remark 2.1. Clearly, there exists an even positive integer n such that
'L ( L [ Z n b. If n s 2, V affords the fundamental representation forn L
the affine algebra AŽ1..1
Ž .It is well known that both M 1 and V are unitary representations forL
Ž w x.the Heisenberg algebra and for the Virasoro algebra see, e.g., KR . We
Ž .next discuss the decomposition of M 1 and V into irreducible modulesL
for the Virasoro algebra. Let W be a module for the Virasoro algebra with
central charge c such that W s W where W is the eigenspace for[ ng C n n
Ž .L 0 with eigenvalue n and is finite-dimensional. We define the q-graded
dimension of W as
dim W s qyc r24 dim W q n .Ž .Ýq n
ngC
Ž .Denote by L c, h the unique irreducible highest weight module for the
Virasoro algebra with central charge c g C and highest weight h g C.
Then
1 1¡ 2 2n r4 Žnq2. r4 2q y q , if h s n , n g ZŽ .
h q 4Ž .~dim L 1, h sŽ .q 1
hq , otherwise¢h qŽ .
Ž w x.cf. KR .
For a fixed even positive integer n,
m n b'V s M 1 m eŽ .[Ln
mgZ
is a decomposition of V into submodules for the Virasoro algebra. It isLn 2m n b m n r2'Ž . Ž . Žclear from the construction that dim M 1 m e s q rh q cf.q
m n b'w x. Ž .FLM . Irreducibility of the module M 1 m e for the Virasoro alge-
Ž w x.bra depends on whether 2n is a perfect square see, e.g., KR . If 2n is not
m n b'Ž .a perfect square and m / 0 then M 1 m e is irreducible and isomor-
Ž 2 .phic to L 1, m nr2 as they have the same graded dimension. Now we
assume that 2n s 4k 2 for some nonnegative integer k. Then m2 nr2 s
Ž .2mk . We have
q m
2 n r2 1 2 2Žm kqp. Žm kqpq1.s q y qŽ .Ý
h q h qŽ . Ž .pG0
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and accordingly,
2m n b'M 1 m e s L 1, mk q p .Ž . Ž .Ž .[
pG0
To summarize, we have
PROPOSITION 2.2. As modules for the Virasoro algebra
M 1 s L 1, p2Ž . Ž .[
pG0
m2 n
2V s L 1, p [ 2 L 1,Ž .[ [L ž /n ž /ž /2pG0 m)0
if 2n is not a perfect square, and
ky1
2V s 2m q 1 L 1, mk q pŽ . Ž .Ž .[ [Ln
mG0 ps0
if 2n s 4k 2 for some nonnegati¤e integer k.
Note that the lattice L with n s 2k 2 is a sublattice of L . We nown 2
restrict ourselves to the lattice L . From Proposition 2.2, we have the2
decomposition
V s 2m q 1 L 1, m2 . 2.1Ž . Ž . Ž .[L2
mG0
Ž .Note that the weight one subspace V of V forms a Lie algebra gL 1 L2 2
Ž . Ž .isomorphic to sl 2, C . Thus, g acts on V via ¤ for ¤ g V whereL 0 L 12 2
Ž . Ž . yny1¤ g End V is defined by Y ¤ , z s Ý ¤ z . It is clear that g acts0 ng Z n
on V as derivations in the sense that for d g g and ¤ g VL L2 2
d , Y ¤ , z s Y d¤ , z .Ž . Ž .
g  4The g-invariants V s ¤ g V N g ? ¤ s 0 form a simple vertex operatorL L2 2
Ž w x.algebra see DLM .
Let W be the unique highest weight module for g with highest weightm
m; it has dimension m q 1. Let V Wm be the sum of irreducible g-submod-L2
Ž .ule of V isomorphic to W , and V the space of highest weightL m L W2 2 mWm w xvectors in V . Then by Theorem 2.8 and Corollary 2.9 of DLM or aL2 w x Ž g .similar result in BT , as V , g -modules V has decompositionL L2 2
V s V W2 m s V m W 2.2Ž .Ž .[ [L L L 2 mW2 2 2 2 mmG0 mG0
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Ž . g Ž .and V is an irreducible module for V . Moreover, V andL W L L W2 2 m 2 2 2 k
Ž .V are isomorphic if and only if k s m.L W2 2 m
w xRemark 2.3. There was a mistake in Theorem 2.8 of DLM . The
correct statement should be the following with the same notation as in
w xDLM : There exists a set Q of weights containing the dominant weights in
the root lattice of g such that V l is nonzero if and only if l g Q, and Vl
is an irreducible V g-module. Moreover, V and V are isomorphic V g-l m
modules if, and only if, l s m. In particular, V g is a simple vertex
operator algebra. In this theorem, g is a simple Lie algebra.
Ž .We immediately have the following corollary of 2.1
g Ž . Ž .COROLLARY 2.4. V and L 1, 0 are isomorphic VOAs and V isL L W2 2 2 m
Ž 2 .isomorphic to L 1, m as modules.
Now we are in a position to determine a set of generators for vertex
Ž .q Ž . q Ž .operator algebra M 1 s M 1 l V by using 2.1 and Corollary 2.4.L2
For this purpose we need a detailed description of the module W . Letm
 4 w xx , a , x be the Chevalley basis of g with bracket a , x s "2 xa ya " a " a
w x i and x , x s a . For any weight module W for g , set W [ w g W Na ya
4a w s iw , the weight space of W with weight i for i g C. Then W sm
Wym [ Wymq2 [ ??? W my 2 [ W m. Since W is a unitary representationm m m m m
Ž . Ž .of SU 2 there is a hermitian form ?, ? on W such that W has anm m
 4orthonormal basis w N i s ym, ym q 2, . . . , m y 2, m and w is am , i m , i
weight vector for g with weight i.
Let m G n. The following tensor product decomposition is well known:
W m W s W [ W [ ??? [ W [ W . 2.3Ž .m n myn mynq2 mqny2 mqn
Ž .It is clear that there is a hermitian form ?, ? on W m W such thatm n
 4w m w forms an orthogonal basis and the union of the standardm , s n, t
bases of W also forms an orthogonal basis.i
LEMMA 2.5. If both m and n are e¤en, m G n, and
w m w s cm ni wÝm , 0 n , 0 000 i , 0
mynFiFmqn , ig2Z
m ni Ž .then c s w m w , w is nonzero if and only if ir2 q mr2 q nr2000 m , 0 n, 0 i, 0
is e¤en.
m ni Ž .Proof. The constants c are essentially the SU 2 Clebsh]Gordan000
w xcoefficients. For example, one can find this result in Section 3.7 of E .
'm 2 bNow consider the g-submodule U inside V generated by e2 m L2
which is a highest weight vector for g with highest weight 2m. Then U is2 m
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isomorphic to W as g-modules. Denote the corresponding basis by2 m
 4 mu N j s y2m, y2m q 2, . . . , 2m y 2, 2m . For convenience set u s2 m , j 'm m 2 bŽ . Ž . 2u . Then u necessarily lies in M 1 l V . Since e is a2 m , 0 L m2
highest weight vector for the Virasoro algebra, and the actions of Virasoro
algebra and of g commute on V we see that U is a space of highestL 2 m2
weight vectors for the Virasoro algebra with highest weight m2. Thus um
Ž 2 .generates the irreducible highest weight module isomorphic to L 1, m
Ž . Ž 2 .for the Virasoro algebra in M 1 . We will also use the notation L 1, m
for the submodule generated by um.
Ž .LEMMA 2.6. For m G n G 0, the submodule of M 1 generated by the
Ž m . n Ž Ž .2 .coefficients Y u , z u for the Virasoro algebra is exactly L 1, m y n [
Ž Ž .2 . Ž Ž .2 . Ž Ž .2 .L 1, m y n q 2 [ ??? [ L 1, m q n y 2 [ L 1, m q n .
Ž . Ž .Proof. Using 2.2 ] 2.3 and Lemma 2.5 shows that the submodule of
Ž . Ž m . nM 1 generated by the coefficients Y u , z u for the Virasoro algebra
Ž Ž .2 . Ž Ž .2 . Ž Žis contained in L 1, m y n [ L 1, m y n q 2 [ ??? [ L 1, m q
.2 . Ž Ž .2 . Ž 2 . Ž 2 .n y 2 [ L 1, m q n . Since L 1, p and L 1, q are inequivalent
irreducible modules for the Virasoro algebra if 0 F p - q it is enough to
show that for any nonnegative integer i congruent to m q n modulo 2
with m y n F i F m q n there exists some k g Z such that the projection
Ž m. Ž n. Ž 2 .of u u into L 1, i is nonzero.k
w xThis was essentially proved in Lemma 3.1 and Theorem 2 of DM2 .
w xAlthough the arguments in DM2 were for finite groups, they also work
for Lie algebras. Thus, for any i with m y n F i F m q n and m q n q i
p Ž .even, there exists p g Z such that the span U of u u form , n 2 m , s p 2 n, t
ssy2m, y2mq2, . . . , 2my2, 2m and tsy2n,y2nq2, . . . , 2n y 2,
Ž m. Ž n.2n contains a copy W of W . By Lemma 2.5, the projection of u u2 i p
2Ž .into W is nonzero. Clearly the image of the projection is in L 1, i .
Ž .Now we define a linear isomorphism u 9 on M 1 such that u 9 acts on
Ž 2 . Ž .mL 1, m as y1 . Then Lemma 2.6 implies that u 9 in fact is a VOA
Ž .automorphism of M 1 of order 2. Since u 9 acts on weight one space as
Ž . Ž .y1 and M 1 is generated by M 1 we see immediately that u 9 is exactly1
the restriction of the automorphism u of V .L
Ž .THEOREM 2.7. 1 We ha¤e decompositions
q y 22M 1 s L 1, 4m , M 1 s L 1, 2m q 1 .Ž . Ž . Ž . Ž .Ž .[ [
mG0 mG0
Ž . Ž .q n2 M 1 is generated by u and v for any e¤en positi¤e integer n.
The theorem is an immediate consequence of Lemma 2.6 and Proposi-
tion 2.2.
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Ž .COROLLARY 2.8. L 1, 0 is the only proper ¤ertex operator subalgebra
Ž .qof M 1 .
Ž .qProof. Let W be a subalgebra of M 1 , which necessarily contains
Ž . Ž .L 1, 0 as v is an invariant for any automorphism and L 1, 0 is generated
Ž .by v. If W is strictly greater than L 1, 0 then W contains at least one
Ž 2 . Ž 2 . Ž .qL 1,n for some even n ) 0. By Theorem 2.7 L 1, n generates M 1 .
qŽ .This shows W is equal to M 1 .
Now we turn our attention to Vq . Consider V [ V which is aL Z Z bn
Ž .completely reducible module for M 1 ,
V s M 1 m em b ,Ž .[Z
mgZ
Ž . m b Ž .where each M 1 m e is an irreducible M 1 -module. We can define u
m b ym b Ž .on V as before so that u e s e and the action on M 1 is the same.Z
For each u-stable subspace W of V we define W " to be the eigenspacesZ
with eigenvalues "1. Then
q
b m ym bM 1 m e q M 1 m eŽ . Ž .Ž .
q ym b ym b m b ym bs M 1 m e q e q M 1 m e y e .Ž . Ž . Ž . Ž .
w x Ž . Ž . m bFollowing DM1 we define a new M 1 -module u ( M 1 m e which
Ž . m b Ž .has the same underlying space M 1 m e with vertex operators Y u u, z
Ž . Ž . m b Ž . ym bfor u g M 1 . It is easy to see that u ( M 1 m e and M 1 m e are
Ž . w xnonisomorphic M 1 -modules. It follows from Theorem 6.1 of DM2 that
Ž . m b Ž . ym b Ž .qM 1 m e , M 1 m e are isomorphic and irreducible M 1 -modules.
Ž .In particular, they are isomorphic L 1, 0 -modules.
From the discussion above we see that
mqq qV s M 1 [ V , 2.4Ž . Ž .Ž .[L Lž /2 n 2 n
mG1
where
qm ' 'q m 2 n b ym 2 n bV s M 1 m e q M 1 m eŽ . Ž .Ž . Ž .L2 n
q y' ' ' 'm 2 n b ym 2 n b m 2 n b ym 2 n bs M 1 m e qe qM 1 m e ye .Ž . Ž .Ž . Ž .
' 'n 2 n b y 2 n bSet e [ e q e .
THEOREM 2.9. Vq is generated by u2, en, and v.L2 n
Ž q .mProof. We prove by induction on m that V can be generated fromL2 n
u2, en, and v. The case m s 0 was proved in Theorem 2.7. Now we
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' 'Žmy1. 2 n b yŽmy1. 2 n bassume m ) 0. By induction assumption, e q e can be
generated. Then the coefficient of z 2 nŽmy1. in
' 'n Žmy1. 2 n b yŽmy1. 2 n bY e , z e q eŽ . Ž .
' ' 'm 2 n b ym 2 n b q k m 2 n bŽ .is e q e q ¤ where ¤ lies in Ý V . Thus e qk - m L2 n'ym 2 n b q m qŽ . Ž .e can be generated. Since V is an irreducible M 1 -module,L2 n
the result follows.
The following lemma will be needed in the proof of Theorem 3.1.
Ž q .mLEMMA 2.10. Assume that 4n is not a perfect square. Then V is anL2 n
Ž . Ž 2 .irreducible L 1, 0 -module isomorphic to L 1, nm . Moreo¤er, we ha¤e the
following decomposition
q 2 2V ( L 1, 4 p [ L 1, m n .Ž .Ž .Ž . [ [L ž /ž /2 n
pG0 m)0
Proof. By the discussion before Proposition 2.2 we see that both
' 'm 2 n b ym 2 n bŽ . Ž . Ž .M 1 m e and M 1 m e are irreducible L 1, 0 -modules iso-
' '2 m 2 n b ym 2 n bŽ . Ž . Ž .morphic to L 1, m n . Note that u : M 1 m e “ M 1 m e is
Ž .an L 1, 0 -module isomorphic. Thus
m 'q m 2 n bV s ¤ q u ¤ N ¤ g M 1 m eŽ . Ž . 4Ž .L2 n
Ž 2 . Ž .qis also isomorphic to L 1, m n . The decomposition of V into irre-L2 n
Ž . Ž .ducible L 1, 0 -modules now follows from Theorem 2.7 and Eq. 2.4
immediately.
3. AUTOMORPHISM GROUPS OF VqL2 n
The main result of this paper is the following.
THEOREM 3.1. The full automorphism group of Vq is isomorphic to ZL 22 n
² :if n ) 4 or n s 3, n s 2; for n s 1, it is a semidirect product T u , where T
is a rank 1 torus and u acts on T as y1; for n s 4, it is isomorphic to Sym .3
We now discuss the proof. All cases except n s 4 will be treated here,
and the case n s 4 will be established in Section 4.
By Theorem 2.9, Vq is generated by u2 and en as modules for theL2 n
Ž .Virasoro algebra. Since any automorphism s acts on L 1, 0 trivially, we
Ž 2 . Ž n.need to determine only the images s u and s e .
First we discuss the cases n ) 4, n s 2, or n s 3. In the cases n ) 4,
Ž q .the space of highest weight vectors for the Virasoro algebra in V isL 42 n
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one-dimensional and spanned by u2. In the cases n s 2 or 3, since 4n is
not a perfect square we see from Lemma 2.10 that u2 is the unique highest
Ž q .weight vectors for the Virasoro algebra in V up to a scalar multiple.L 42 n
Ž 2 . 2 2Thus s u s cu for some constant c. By Lemma 2.6 we see that c s c,
Ž .qwhence c s 1. This shows that the restriction of s to M 1 is the
identity.
Ž n. n Ž q .1In order to determine s e we recall from Section 2 that e g VL2 n
Ž q .1 Ž .q Ž q . p Ž q .qand V is an irreducible M 1 -module. Since V and V areL L L2 n 2 n 2 n
Ž .q Žinequivalent irreducible M 1 -modules the lowest weight vectors in these
.two spaces have different weights if p - q and the space of the lowest
Ž q .1 nweight vectors in V is one dimensional and spanned by e we seeL2 n
Ž n. nimmediately that s e s de for a scalar d. Note that the coefficient of
y2 n Ž n . nz in Y e , z e is 21. Thus d s "1. If d s 1, s is the identity. If
'br 2 nŽ .d s y1 the s is the restriction of automorphism y1 of V toL2 n
Vq . Here for any x g Cb we define the operator ep i x on V byL L2 n 2 n
ep i x u m e b s ep i² x , b : u m e b .Ž . Ž .
p i x Ž w x.Then e is an automorphism of V see DM1 . This finishes the proofL2 n
of Theorem in the case that n ) 4, n s 2, or n s 3.
Now we deal with the case n s 1. In this case V is the fundamentalL2
module for the affine Lie algebra AŽ1.. We define xq [ x q x and1 a a ya
y w q yxx [ x y x . Then we have x , x s y2a and for any scalar c,a a ya a a
w qx y w yx q qa , cx s 2cx and a , cx s 2cx . Consider x as a generator for aa a a a a
Cartan subalgebra. Then xy and a span the sum of its root spaces. Thea
automorphism can be realized as eip Ž x
q
a .0 r2. Thus Vq is isomorphic to theL2
lattice VOA V . So our problem reduces to determining the automor-L8
phism group of V .L8
The automorphism group for arbitrary lattice VOA has been deter-
w xmined in DN . But in the rank one case, it is very easy to write down the
automorphism group directly, and we do so as follows.
= Ž na . nŽFor c g C we define a linear map s on V by s u m e s c u mc L c8na . Ž .e for u g M 1 and n g Z. It is a straightforward verification to show
that s is indeed an automorphism of V . Since u inverts each s underc L c8
Ž .conjugation, we get a subgroup of Aut V isomorphic to the semidirectL8
product C= : 2.
Ž . Ž . Ž .Let s be an automorphism of V . Then sb y1 s cb y1 as V isL L 18 81 2Ž . Ž .one-dimensional and spanned by b y1 . But v s b y1 is an invariant2
and we see that c s "1. If c s y1, we can multiply s by u . So we can
Ž . y1 Ž . a aassume that c s 1. As a result we have sb 0 s s b 0 . Thus s e s de
for a nonzero constant d g C. It is clear then that s ena s dnena. Thus
s s s . This completes the proof in the case n s 1.d
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Ž .qRemark 3.2. In the case n s 2 vertex operator algebra V isL4
Ž . Ž . Ž w x.isomorphic to L 1r2, 0 m L 1r2, 0 see Lemma 3.1 of DGH . One can
Ž .mneasily see that the automorphism group of L 1r2, 0 is the symmetric
group Sym for any n ) 0.n
In the next section we will determine the automorphism group of Vq .L8
Ž q .4. Aut VL8
Ž .The proof in the case n s 4 is more complicated and involves V ,L 12
Ž .which is a Lie algebra via the product a b. We denote it by g; g ( sl 2, C .0
We begin with a description of Sym as a group of automorphisms of4
the Lie algebra g. We use the usual Chevalley basis a , x , x , which, asa ya
Ž . 0 a yaelements of V F V are a y1 m e , 1 m e , 1 m e .1
q y w q yxWe define x [ x q x and x [ x y x . Then we have x , xa a ya a a " a a a
w qx y w yx qs y2a and for any scalar c, a , cx s 2cx and a , cx s 2cx .a a a a
q y w xDefine y [ a , y [ x , y [ ix . Then for all j, y , y s y1 2 a 3 a j jq1 jq2
Ž .indices read modulo 3 .
 4 Ž .We have the double basis D [ "y , " y , " y . Its stabilizer in Aut g1 2 3
is a finite group S ( Sym ; the kernel in S of its action on the three4
Ž .1-spaces spanned by elements of D is E [ O S , and S induces the full2
symmetric group on this set of three 1-spaces.
The group E consists of all evenly many sign changes at the three
1-spaces. Define t as the element of E which takes y to itself andj j
negates the other y . Define, for each index j, the two maps s and s X byk j j
 4  4s : y ‹ yy ; y ‹ y ‹ y if j, k , l s 1, 2, 3 .j j j k l k
and
s X : y ‹ yy for k s j; y ‹ yy and y ‹ yyj j j k l l k
 4  4if j, k , l s 1, 2, 3 .
Then, s X s s t s t s , for all j. Also, s s maps y ‹ y ‹ yy andj j j j j k l k l m
X  4  4 ² X :s s s s s , for k, l, m s 1, 2, 3 . It follows that T [ s , s , s (k l k m k l m
Sym and T complements E in S.3
As pointed out in the Introduction, Vq ( V E . So, by Theorem 2.9, weL L8 2
Ž E .need to determine the action of SrE ( Sym on V .3 L 42q Ž . Ž .Let V [ V . Then dim V , dim V , . . . is 1, 0, 1, 4, . . . . The elementsL 0 18
2 4 2 a y2 aa y1 a y3 , a y2 , a y1 , e q eŽ . Ž . Ž . Ž .
span V .4
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Now to do some calculations. We need some minimal information about
the action of certain elements of S on V . Take s [ s , which negates4 2
a ya a ya Ž Ž Ž .. .e y e and interchanges a and e q e . So, Y s a y1 , z 1 s
Ž a ya .Y e q e , z 1.
We want to show that s and s act differently on V . Clearly, s1 4 1
inverts a and so fixes all the polynomial terms in the above spanning set.
4 Ž . ŽOn the other hand, the coefficient of z in Y a , z 1 which is ``all
. 4 Ž a ya .polynomial'' goes under s to the coefficient of z in Y e q e , z 1.
The latter coefficient has nontrivial contributions at the standard basis
elements e2 a and ey2 a of V , whence s does not leave the degree 4L8
polynomial terms fixed, as s does. This proves that these two involutions1
act differently on V . We conclude that SrE ( Sym acts faithfully on V .4 3 4
Ž Ž . Ž ..Next, we need a calculation to prove that a y3 a y1 3
Ž Ž . Ž .. Ž . Ž .a y3 a y1 s 72a y3 a y1 .
y4 Ž Ž . Ž . .Ž Ž . Ž ..We need the coefficient at z of Y a y3 a y1 , z a y3 a y1 .
1 2 2w Ž . Ž .x Ž . Ž .The vertex operator is given by: d rdz a z a z :, where a z [2
1y ny 1 2 2Ž . w Ž .x Ž . Ž .Ý a n z FLM, 8.5.5 . We compute d rdz a z sn 2
n q 2 yny3Ž . Ž .Ý a n z , whencen 2
Y a y3 a y1 , zŽ . Ž .Ž .
i q 2s a i a jŽ . Ž .Ý Ý ž /2m i , j : iqjsm , iFj
i q 2 ym y4q a j a i z .Ž . Ž .Ý ž /2
i , j : iqjsm , i)j
When m s i q j s 0 and the only summands which have nonzero value on
Ž . Ž . Ž . Ž . Ž . Ž . Ž .a y3 a y1 are those with i, j s y3, 3 , y1, 1 , 1, y1 , 3, y3 .
y3 y1 1 3Ž . Ž . Ž . Ž . Ž .Since a , a s 2 and s 1, s 1, s 0, and s 2, the stan-2 2 2 2
w Ž . Ž .x Ž .dard commutator relations h m , h9 n s m h, h9 d imply that themq n, 0
y4 Ž . Ž .coefficient of z is 72a y3 a y1 .
The irreducible modules for Sym are indicated by their dimensions 1,3
19, 2, where 1 is the trivial character and 19 is the sign representation.
Tensor behavior includes these rules: 2 m 2 s 2 q 1 q 19 and if the tensor
of two irreducible modules contains 2, then one of the factors is 2.
This information implies that the pairing p : V = V “ V given by the4 4 4
coefficient at zy4 has the following property: there is a decomposition
Ž .2V s H [ J, where J is the 2-dimensional subspace spanned by L y2 ,4
Ž .L y4 and H is the unique nontrivial irreducible S-submodule in V ; J is4
Ž .a trivial module for Aut V .
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Ž .We argue that H is invariant under Aut V . First, H contains a highest
weight vector e2 a q ey2 a for the Virasoro element. From irreducibility of
S and its commuting with the Virasoro element, H consists of highest
Ž .weight vectors. Note that J ; L 1, 0 does not contain any highest weight
vector. Since V s H [ J, we immediately see that H is the space of4
Ž .highest weight vectors, which clearly is invariant under Aut V .
Ž . Ž .The pairing p gives a nontrivial product on H by x, y ‹ qp x, y ,
where q is the projection of V s H [ J to H. Nontriviality of qp follows4
Ž Ž . Ž .. Ž Ž . Ž .. Ž . Ž .from a y3 a y1 a y3 a y1 s 72a y3 a y1 and the fact that3
Ž Ž . Ž .. Ž Ž . Ž . .q a y3 a y1 / 0 because a y3 a y1 is moved by s .
Ž .Now, we use the fact that the unique up to scalar Sym -invariant3
Žalgebra structure on H has automorphism group isomorphic to Sym see3
. Ž . Ž .Appendix to get that Aut V ( Sym , by restriction to Aut H, p .3
5. APPENDIX: NONCOMMUTATIVE ALGEBRAS OF
DIMENSION n y 1 WITH Sym ASn
AUTOMORPHISM GROUP
THEOREM 5.1. If M is the n y 1-dimensional irreducible part of the
Žstandard degree n permutation module for Sym , M has a unique up ton
.scalar multiplications commutati¤e algebra structure. It is nonassociati¤e and
its automorphism group is just Sym by the gi¤en action.n
ŽThe original proof of its automorphism group RLG, 1977; unpublished
.preprint amounted to showing that the set of idempotents e g M such
Ž . Ž .that ad e : x ‹ xe has eigenvalues 1 once and y1r n y 2 with multiplic-
ity n y 2 is just an n-set which spans M.
Ž .Here is a new proof. Let M, ) be the above algebra, invariant under
Sym . The character theory of this irreducible and its low degree tensorsn
says that an invariant nonzero commutative algebra structure is essentially
unique. Here is one way to realize it. Let P be the permutation module on
basis e and make P a direct sum of fields with indecomposable idempo-i
tents e . This associative algebra has automorphism group isomorphic toi
Sym , seen by its action on the indecomposable idempotents. We get then
submodule M as the annihilator of 1 s Ý e with respect to the form withi i
orthonormal basis e ; this form is invariant under the automorphism groupi
Ž . Ž Ž . Ž ..since it may be realized as a, b ‹ tr ad a ad b . We get a commuta-P P
tive algebra structure on M by using the given product on P, then
orthogonally projecting the result to M. This product in M is nonzero for
n G 2 since e y e , e y e g M has product in P which is not a multiple1 2 1 3
of 1 s Ý e .i i
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The product on P s M [ K.1 is a map P m P “ P which may be
expressed as a linear combination of these maps: the natural identifica-
tions K m K s K and K m M s M, the product ) on M, and the map
Ž .M = M “ K which sends to f x, y 1, where f is the invariant inner
Ž . Ž .product. All such maps are invariant under Aut M, ) , so Aut M, )
Ž .preserves the given algebra structure on P. At once, we get Aut M, ) (
Sym .n
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